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$M\text{ }n$ , $f$ : $Marrow \mathrm{R}^{p}(p\leq n)$
. , $C^{\infty}$ .
$S(f)=\{q\in M|\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}df_{q}<p\}$ , $f$ . $q\in S(f)$
$q$ $(x_{1},$ . :. , $x_{n})$ $f(q)$
$(y_{1}, \ldots, y\mathrm{P})$ $\lambda(0\leq\lambda\leq n-p+1)$ . ..
$y_{i}\circ f=xi(i\leq p-1)$ ,
$y_{p}\mathrm{o}f=-x_{p}^{2}$ $-$ $\cdot$ . . $-x^{2}-+p+\lambda 1p+X^{2}+\lambda\ldots+X_{n}^{2}$
.
$\lambda=0$ $\lambda=n-p+1$ $q$ .
S( , $f$ , $S(f)$
$)\mathrm{s}$
. “ , $f$ special generic map . , $n-p+1$
$\lambda$ $\lambda\equiv n-p+1-\lambda($
mod 2) , $\lambda$ , $f$
, $S^{+}(f.)$
.
$=$ { $q\in S(f)|\lambda$ }, $S^{-}(f)=$ { $q\in S(f)|\lambda$ }
.
$f$ , $S(f)$ , $f|s(f)$ : $S(f)arrow \mathrm{R}^{p}$ immersion
.
$f$ : $Marrow \mathrm{R}^{p}(p<n)$ Stein .
$q,$ $q’\in M$ , $q\sim q’$ $f(q)=f(q’)$ $q$ $q’$ $f^{-1}(f(q))$
. $W_{f}$ $M$
, $q_{f}$ : $Marrow W_{f}$ . , $f’\circ q_{f}=f-$ $f’$ : $W_{f}arrow \mathrm{R}^{p}$
, $W_{f}$
1050 1998 93-99 93
$f$ Stein .
$f$ : $Marrow \mathrm{R}^{p}(p<n)$ special generic map , .
1.1. (i) $W_{f}$ p .
(ii) qf|S ) : $S(f)arrow\partial W_{f}$ .
(iii) $f’$ : $W_{f}arrow \mathrm{R}^{p}$ immersion .
, special generic map [1,4, 5, 6, 7]
.
2.
, $G$ ) $i\mathrm{V}I$ n $G$
. , $M^{G}=$ {$x\in iVl|gx=x$ for $\forall g\in G$ } ,
. , $T(M)$ G Riemann –
. ( [3] .)
$\mathrm{R}^{p}$ $G$ trivial , $G$ $-$ $f$ : $Marrow \mathrm{R}^{p}$ $G$
$-$ .
, .
2.1. $f$ : $Marrow \mathrm{R}^{p}$ $G$ . $q\in iVI^{G}$ $\rangle$ $df|\tau_{q(M}c$ ) $\perp=0$ .
2 $T_{q}(M^{G})^{\perp}$ $T_{q}(M^{G})$ $T_{q}(M)$ G .
. $q\in M^{G}$ .
$v\in T_{q}(M^{c1})$ , $\Sigma_{g\in G}gv$ $T_{q}(M^{G})^{\perp}$ , $h\in G$
,
$h \sum_{G\mathit{9}\in}gv=\sum hg\mathit{9}\in G^{\cdot}g\in h\sum_{-1}v=gv=\sum_{\mathit{9}c\in G}gv$
.
$T_{q}(M^{G})^{\perp}$ $0$ $\Sigma_{g\in G}gv=0$
$\ovalbox{\tt\small REJECT}$ , $\mathrm{R}^{p}$ $G$ ,
$df| \tau_{q(}NIG)^{\perp}(\sum_{cg\in}gv)=\sum_{g\in}gdf|_{\tau_{q(M}}.\cdot c)\perp(v)=|G|df|\tau_{q}(\mathrm{A}\prime Ic)\perp(v)$
.
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,$|c|df|\tau q(M^{G})^{\perp(v.).\cdot...f|_{\tau_{q}(}c}.\cdot..=.d\backslash M.,)^{\perp.(\sum v}..\mathit{9}\in Gg)=df|_{T_{q(}}Mc.)\perp..(\mathrm{o})=0-:.\cdot.\cdot$
, $df|_{\tau_{q(M}}c$ ) $\perp(v)=0$ .
2.2. $M^{G}$ $p-1$ , $G$
$f$ : $Marrow \mathrm{R}^{p}$ .
. $q\in M$ rank$df_{q}=p$ ) rankdfq $=p-1$
.
$iVI^{G}$ $N$ $p-.1$ , $q\in N$
, $df|_{\tau_{q}N^{\downarrow}}=0$ rank$df_{q}<p$ –1 . , $N$
.
G .
2.3. $f$ : $Marrow \mathrm{R}^{p}(p\leq n)$ $G$ , $S(f)=S_{1}\cup\cdots\cup S_{k}$
$f$ .
$J$
i ; $S_{i}\subset M^{G}$
$S_{i}\cap M^{c}=\emptyset$ .
. $S_{i}\cap M^{G}(=s_{i}\cap S(f)^{G})$ $S_{i}$ . $S_{i}\cap iVl^{G}\neq\emptyset$ ,
$x\in S_{i}\cap M^{G}$ , $f|_{S_{i}}$ : $S_{i}arrow \mathrm{R}^{p}$ immersion $x$ $S_{i}$.
$U$ $f$ . $.f$ $G$ $\mathrm{R}^{p}$
$U$ $M^{G}$’ .
, $S_{i}\cap M^{G}$ $S_{i}$ , $S_{i}$ $S_{i}\cap M^{G}=s_{i}$ .
$Si\subset M^{G}$ .
, $Si\subset M^{G}$ $S_{i}\cap M^{G}=\emptyset$ .
2.4. $f$ : $Marrow \mathrm{R}^{p}(p\leq n)$ $G$ $fN$ $M^{G}$
$-$ $\dim N\geq p$ . , $f|_{N}$ : $Narrow \mathrm{R}^{p}$
.
. $S(f)=S_{1}\cup\cdots\cup S_{k}$ $f$ )
$S_{i}\cap M^{G}-\neq\emptyset$ 2.3 . $S_{i}\subset M^{G}$ . , $df_{q}|_{\tau N_{q}}\perp=0$
rank. $(d(f. |N)_{q})=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}dfq$ , $S(f|_{N})=S(f)\mathrm{n}N$ .
$N$ $M^{G}$ – $M$ , , $S(f|_{N})$
$N$ p–1 .
, $q\in S(f|_{N})$ $M$ $q$ $(U;x_{1}, \cdots. ’ x_{n})$
$x_{p}(a)=Xp+1(a)=\cdot\cdot..=xn(a)=0$ for $\forall a\in S(f|_{N})$ ,
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$X_{k+1}(b)=\cdots=x_{n}(b)=0$ for $\forall b\in N$
.( , $k=\dim N$) . . $\cdot$
$f|s(f)$ immersion $M$
, $\mathrm{R}^{p}$ $f(q)$ $(y_{1}, \cdots, y_{p})$ . . .
$y_{i}\circ f=x_{i}(1\leq i\leq p-1\mathrm{I}$
.
$f$ $-$ , $x_{1},$ $\cdots,$ $x_{p-1}$ $y_{p}\circ f$ .
Hessian $( \frac{\partial^{2}(y_{\mathcal{D}}\mathrm{o}f)}{\partial x_{i}\partial x_{j}}(q))p\leq i,j\leq n$ ,
$df_{\dot{q}}|_{TN_{q}}\perp=0$ )) $j\geq k+1$ 1 $N$ $\frac{\partial(y_{\mathrm{p}}\mathrm{o}f)}{\partial x_{j}}=0$ .
$f$
. , $P\leq i\leq k,$ $j\geq k+1$ $\frac{\partial^{2}(y_{\mathrm{p}^{\mathrm{o}f}})}{\partial x_{i}\partial x_{j}}(q)=0$ . , Hessian
$’\grave{)}$ .
$(^{(\frac{\partial^{2}(y\mathrm{p}^{\mathrm{O}}f)}{\partial x_{\mathrm{i}}\partial x_{j}}(q}0))_{p\leq j\leq}i,k$
$( \frac{\partial^{2}(y_{\mathcal{D}}\mathrm{o}f)}{\partial x_{i}\partial x_{j}}(q)0)k+1\leq i,j\leq n\mathrm{I}$ .
$( \frac{\partial^{2}(y_{\mathrm{p}}\circ f)}{\partial x_{i}\partial x_{j}} (q))_{p\leq i,j}\leq k$ . , $f|_{N}$
$M$ $G$ (semi-free) $M$ $x$ , $G_{x}=G$ $\{e\}$
. , $G_{x}=\{g\in G|gx=x\}(\text{ _{ } })$ $e$ $G$
. , $M$ $x$ , $G_{x}=\{e\}$
.
2.5. $G$ $\mathrm{Z}_{2}$ , $M$ $G$
. , $M^{G}$ .
. $N$ $M^{G}$ , $N$ $M$ $l$ .
l $N$ $M$ G . $\nu$ G Riemann
$S(\iota\ovalbox{\tt\small REJECT})$ . $\iota\ovalbox{\tt\small REJECT}$
G $S(\nu)$ $G$ 1
. , $M$ $G$ $S(\nu)$ $G$
.
$S(\nu)$ $-l\mathrm{h}l-1$ , Z2
$G$ , , $l-1$
([3, Chapter 5] ). , $l$ . .
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$G$ ) $f$ : $Marrow \mathrm{R}$ $G$
$n-p+1$ , $N$ $M^{G}$ $-$ $\dim N\geq p$
$S^{+}(f|_{N}),$ $s-(f|_{N})$ . $S^{+}(f),$ $s^{-(f)}$
$S^{+}(f|_{N}),$ $s-(f|_{N})$ .
2.6. $G$ Z2 , $M$ $G$ .
$f$ : $Marrow \mathrm{R}^{p}(p<n)$ $G$ . $n-p+1$ , $N$
$\dim N\geq p$ $M^{G}$ , $q\in S^{+}(f)\cap N$ $q\in S^{+}(f|_{N})$ ,
$q\in S^{-}(f)\cap N$ $q\in S^{-}(f|_{N})$ .
. $N$ $\dim N\geq p$ $M^{G}$ . $q\in S(f)$ , 2.4
$M$ q $(x_{1}, \ldots, x_{n})$ $f(q)$
$(y_{1}, \ldots, y_{p})$
$x_{p}(a)=x_{p+1}(a)=\cdots$. $=x_{n}(a)=0$ for $\forall a\in S(f|_{N})$ ,
$x_{k+1}(b)=\cdots=x_{n}(b)=0$ for $\forall b\in N$
( , $k=\dim N$ ), $yi\circ f=x_{i}(i\leq p-1)$ ,
( $x_{1}.\cdots$. $’ X_{p-1}\mathrm{I}$ $x_{1-1}=\cdots=x_{p}=0$ $y_{p}\circ f$
.
$(x_{1}, \cdots, x_{k})$ $N$ $q$ $y_{p}\circ f$ Hessian
2.4 [8, Lemma 4.1] , $q$
.
$(X_{1,)}\ldots xp-1, z_{p}, \cdots, z_{n})$
$y_{p}\mathrm{o}f|_{\{0\}}x_{1}=\cdots=X_{\rho}-\iota==-z_{p}-:$ . .$-27\sim_{p+}.\mathit{2}‘ \mathit{2}\ldots 2\lambda-1^{+\cdot+}\sim_{p+\lambda k}\gamma.+Z$.
$-z_{k+1}^{2}$ –. . . $-z_{k+\mu\mu}^{\mathit{2}\mathit{2}}‘+z_{\kappa+}.\wedge+1^{+\cdots+Z}nl\mathit{2}$
, ) $(z_{p}, \cdots, z_{k})$ $z_{k+1}^{2}+\cdots+z_{n}^{2}$ G-
.
$-z_{k+1}^{2}$ –. . . $-z_{k+\mu}^{2}+z_{k\mu 1}^{2}+++\cdot\cdot*+z_{n}^{2}$ $z_{k+1}^{2}+\cdots+z_{n}^{2}$ G- ,
$z_{k+1}^{2}+\cdots+z_{k+\mu}^{2}$ $z_{k\mu 1}^{2}+++\cdots+z_{n}^{2}$ $G$ . $G$ $M$
$\mu-1$ { $(z_{k+1},$ $\cdots,$ $z_{k+\mu})|\mathrm{z}_{k+1k+}^{22}+\cdot.\cdot\cdot+z\mu=r(r$ )}
.
$G$ Z2 , $\mu$
. , $n-k-\mu$ .
$(x_{\iota)}.\cdots, X-1, Zpp’\ldots, z_{k})$ $N$ $q$
$\lambda$
$q\in S^{+}(f|_{N})$ $q\in S^{-}(f|_{N})$ . $q\in S^{+}(f)\cap N$ , $\lambda+\mu$
$\lambda$ . , $q\in S^{+}(f|_{N})$ .
97
, $q\in S^{-}(f)\cap N$ , $q\in S^{-}(f|_{N})$ .
27. $f$ : $Marrow \mathrm{R}^{p}$ G . Stein
$M \frac{f}{\backslash _{W_{f}}q_{f}f’}\nearrow^{p}$
, $W_{f}$ G , $q_{f_{f}}f’$ G .




$f$ . $M^{n}arrow \mathrm{R}^{p}(p<n)$ special generic map , $G$ ,
$f$ $G$-special generic map . $G$-special generic map Stein
.
2.8. $f$ : $Marrow \mathrm{R}^{p}(p<n)$ $G$ -special generic map . $g\in G$
\rangle $W_{f}^{\mathit{9}}=W_{f}$ $\emptyset$ . f $W_{f}^{\mathit{9}}=\{x\in W_{f}|gx=x\}$ .
. $g\in G$ . $W_{f}^{\mathit{9}}\neq\emptyset$ , $x\in W_{f}^{\mathit{9}}$ $f’$ : $W_{f}arrow \mathrm{R}^{p}$ immersion
$x$ $W_{f}$ $U$ $f’$ . , $m$ $g$
$V=U\cap gU\cap\cdots\cap g^{m-1}U$ , $V$ $f’$ , $y\in V$
$f’(gy)=gf’(y)=f’(y)$ $gy\in V$ , $V$ $gy=y$ .
$V\subset W_{f}^{\mathit{9}}$ , $W_{f}^{\mathit{9}}$ $W_{f}$ . $|/V_{f}^{\mathit{9}}$ $\nu V_{f}$
, $M$ $W_{f}$ , $l/V_{f}^{g}=l/V_{f}$ . $\cdot$ $\square$
$G$-special generic map
.
2.9. $f$ : $Marrow \mathrm{R}^{p}(p<n)$ $G$ -special generic map $\rangle$ $S(f)\subset M^{G}$
$M^{G}=\emptyset$ .
. $M^{G}\neq\emptyset$ , $x\in M^{G}$ , $y=q_{f}(x)$ . $g\in G$
$gy=gq_{f}(X)=q_{f}(gx)=q_{f}(X\mathrm{I}=y$ , 2.8 $g\in G$
$|/V_{f}^{\mathit{9}}=W_{f}$ . , $W_{f}^{G}\subset W_{f}$ . 1.1 , $q_{f}|S(f)$ : $S(f)arrow\partial W_{f}$
, $S(f)^{c_{=S}}(f)$ , $S(f)\subset M^{G}$
. , $S(f)\subset M^{G}$ $M^{G}=\emptyset$ . .




. $N$ $M^{G}$ $\dim N\geq p$ . $iVI$
$W_{f}$ Hausdorff $q_{f}(N)\text{ }W_{f}$ . - , $q\in N$
2.1 rank$d(f|_{N})_{q}=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}df_{q}$ , ,
$q_{f}(N)$ $W_{f}$ . $W_{f}$ $q_{f}(N)=W_{f}$ .
$M^{G}$ , $S(f)$ , $q_{f}(N)=W_{f}$
$S(f)\subset N$ $S(f)$ $N$ .
. ) $M^{G}$ . $\square$
, ,
. ,
$\text{ _{ } _{ } _{ } }\sim$
, $-$ .
,
([2] ) – .
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